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SUMMARY

J

Considering the more general linear model, the work of Royall and Herson

" [2] has been generalised in the light of the theory developed by Holt [4). - It has
been found that the two techniques Stratification and Generalized Balanced

" Sampling provides more efficient protecuon against the mode} fallure than does
Generalised Balanced Sampling alone. . .

" Keywords : Geographical stratification, Super-population probabmty model,
Genéralized balanced sample, Generalized stratified balanced sample,

. Robustness.
\

Introduction

The stratlﬁed samplmg under size stratification. was consxdered as'an
. alternative to balanced sampling by Royall and Herson [1}; [2]. - They
showed that stratified sampling together with balanced sampling .
provided more efficient protection against erfors in'the model than the

" balanced sampling could do alome. In many practical situations, the
"= availability of more auxiliary variables related to the variable of’ mterest

cannot be ru_lgd ‘out in addition to size variable. Holt [3] has genera-
lised the work of Royall and Herson [1] by considering the. general
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linear model. The present work is the generalisation of the work of i{oyall
and Herson {2] in the light of theory developed by Halt [3]. The
stratification based on more .auxiliary variables in general possess
practical problems. For simplicity we here consider geographical
stratification. The effect of misspecification of the model on the
estimate of total (or mean) is studied. The choice of sample in which
many super population probability modcl leading to the same optimal
estlmator is discussed,

2. The General Linear Model

We assure that there- are p-auxiliary variables X, X; . . . Xy related -
with character of interest Y and their values, like population totals
- T(Xy), T(X,) , . . are supposed to be known in the finite population of

size N labelled 1, 2,...N. A sample s of » units -is to be selected
from the finite population and the y-values (Character of interest) along
with the values on auxiliary variables associatcd with the ,sample units

’ N

are to be observed in order to. estimate the populatlon total 7= Xy
=1

Here the numbers y,, Yoy o . yn whose sum we want to estimate are
treated as realised vajues of independent random variables Y,
Y, . .. Yu such that

-

ch=ﬁ1xxk‘*f,(32x2k+---+Bpxpk+€ka _
.1;=1,2,..,N 2.1)
where €, ¢,, . . . €y are independent random variables with mean zero
and variance o® and Xz, Xy, ... Xp are values of X;, X,,...X, as-

sociated with the unit—k. V% is some form of variance of Y& depending
.upon the auxiliary variables. In fact the population total which we

A N .
want to estimate is an outcome of Y= 2 Y. The expected value and

' P : .
variance of Y are therefore, > B¢ xi; and o* V,, respectively,
: : i=1

" Now, since we assume that the whole population is divided into H
s )
geographical strata of sizes N;, N,,.. .. Nz such thath b 1N;. = N, and

» samples of sizes ny, n2".. . ny are selected independently from strata
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. : H . - - .
1,2,... H, such that hZ na = n, the model (2.1) can thus for such
=]

_ situation be written as B \

np = ﬁ;xmk + Ba Xanrx + . . .+ By Xpnx + €nr Vi%;c
h=1,2...H k=12...N . (22

W ~

The expected value and variance of Yy are, therefore, z Bs x,;.k and
Lo ) Ci=
‘o? Vm, respectively. Note that slopes are assumed to be same in all the
strata. The above model (2.2) i in matrix notation is as follows

Yo = Xuy Bp + e

E(ev) =0, E (swe'n) = 0% 3ay - - (2.3)
where Yn is N X | random vector of N random variables such that
first N, are of first stratum followed by N, variables of secoud stratum
and 8o on, 3wy is N X N diagonal matrix.

Our objective is to estimate the finite populatxon total

T=1Iyyn }
which is outcome of Iy Ynv = hzl Iy, YN;. . (2.4)
where Ix is N X 1 unit vector.

Before a survey is conducted Yy is unknown, ' In making estimate for
the population total the samples are selected from strata independently

- (not necessary at random) and dependent variables values observed for
" each. We may think of the sampling procedure as a partitioning of the

matrix Zyx in (2.3) as follows :

Eﬂu Enm .
Ny = . ' .
. Emﬂ Emm

H H :
where m=N-—n =h p (N,. —nm) = hz my ;m,.' is the number of
1

non-sampled uaits ‘in Ath stratum Also, since random vanables e,.,‘.
are mdependent and hence .

. Enn 07 “E”h"h ' 0
INN = 3 Znn= . |
. 6 . Zmm 0 Zmymy,

where Z,,,, and Z,uymy, 8r¢ diagonal matrices of known constants Vig
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3.. The Estimation Strategy

~ We consider the model (2.3) to be the true model. But the exact

specification of the model is however not always possible in practice,
The model may be under-specified due to non inclusion of relevant
independent variables. On- the other hand the-model may be over-
specified due to inclusion of irrelevant independent variables. Since our
objective is to estimate the population-total not the co- -efficient B8;, the
popilation total of independent variable in the model must be konwn.
Let there be a practical situation where some of the columus of X are

known or mistakenly ignored, i.e., the information is availableon g <p

auxiliary variables. Naturally the model (2.3). will be reduced to

Yn = Xuobo + € \ I <8 ))
and that the observed variables follows the model © _
= Xng by + €n _ - ’ ‘ (3.2)

whsch is under-specified. :
Holt [3] developed an unbiased estimator of the population total in
unstratlﬁed population under the model (3.1), which is given by

= lnYn + Im Xma bo ’ o (33)
_ whcrc b., is the weighted least-square estimate of b, given by

A
b, = (_an ’ nn XM) -1 Xﬂq W_IY" ' . (3 4)

Wis a set of weight used in the estimation. Also, ¥ is best lmeu
unbiased estimator (BLUE). if Wan = Enn It is obvxous from (3.3)
that the observed Y, are used directly in¥ and estimate is made up
for the m non-sampled elements of the finite population, by using

wexghted least-squares estimate of b and then using the known Xmg .

values to predict the corresponding dependent’ variable values. In fact
the individual values of the g-auxlliary variables are not strictly needed

since Im Xmq is simply‘thé vector of ‘noh-sampled'_population total for

each variable.
The estimator Y was unblased under the model (3 1) with the variance

equal to
A ’ ’ A ’
EE (Y — T)* == E§[InYn + In Xmq by — Iy Ya]*

= &'[lm Xma Xqu nﬂ(an) qulm s

+Im>:..,.1,.1 N X))
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. where X = (X,.,;W,T,}X"A,)".l Xo Wi ir the geueralized ’_inverse'of Xog.

If the aésumedlruodel (3.1) was correct the question of bias did not

' arise. We had at our disposal-the choice of both W, and the n

members of the sample in order to minimize the variance. ' The optimal
design was to choose Wan = Z.,. If the assumed model (3.1) was in-
correctly or incompletely specified in terms of the independent. variables,
i.e. if the true model was (2.3) then the possibility of bias could exist.

The blas is’ therefore grven by

EG(Y ~7) = BGUnYa + In Xaabo— Iy ¥l

Im [ch X';r an - mp] pp ) ' (3 6)

Halt [3] showed that if one- chooses the weight W used in the estim-
ation of the co-efficient ﬁ in such a way that

- . q ;
W,.,. = diag( 1_2 . aixy, 21a4 Xigsoor 2B GiXig ) (3.7

=t =t =1

A xix is the value of the .independent variable X, associated with the kth

unit and. the constants-ay, @, . . . @, are any real numbers for which

2‘. a;xu>0 k=12,.

l—-l

'Then the blas given by (3.6) becomes Zero uuder balanced sample and
- “'thie estimator in this way i.e. with balanced sample becomes :

A _»' ‘?I.’_’,r N
Y =£‘," Yn

. Also under the approprlate variance structure En,. = Wn" thrs estrmator

is BLU where W is given by (3.7).
“The condition for balanced sample is
-1 In X'.p = ml_' Im pr | (3 8) »

v o

That is the first momentl of the sampled and non-sampled portrons of
* the finite population are equal for each of the p-auxiliary: varlablee
- Under balanced sample the veriance gweu by (3.5) reduces to -

Var(Y)—c'[( )I..E...I..-}-Im mlm]
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A m\8 q g '
= 0’[ (——) Z, 3 axm + 355 Ta xu]
n =1 fem Jd-
_ N . L _ .
= a‘[ (N —n) = ( Za x,] : (3.9)
. n i=1 . - e :
Now, instratified sampling we make estimate for each stratum tojal

and sum up them to give the estimate of the populatlon total, An

_ unbiased estimator of the hth stratum total ¥ = IN/,YN;, under- the
model (3.1) will be given by

By =1Ly Yo, + Iny Xpobi, (3.10)

where Yy, is N5 X 1 vactor of variable of the character under study and

Yu,, is #, X 1 vector of the observed variable in the Ath stratum. 'b:q i'sr
the weighted leaste square estimate of the co- eiﬁc:cnts b, based on the
hth stratum sample and is given by

b = (Xng Wi i Xug) ™ Xoig W, Yo, : 3.11)
Also, the f,, will be best linear unbiased estimator of ¥, whén
Wu;,n],_ = Zapnp -
q

. - ‘q ‘ q
Wuyny, = diag. ( 2 ai X, 'Sl a Xth2y oo o. B
. ' .=

as Xinn
=1 i= i 3 )

(3.12)

1

The variance of estimator 17,, under the model (3.1) will be given by

’

EE[Yy — Ya I' = o i':'h Xoa Xeny Znpon X;n,,) Xlﬂ'm L,

‘Hw: % mymy, Iy, ) (3.13)
To obtain the estxmate of the populatlon total T we use the estimator

'Y..gwenby ST =T

1 . | o (319)

TMW

Ycl =

This estimator is unbiased under the model (3. 1) w1th variance cqual to
Var (Fu) = EE[Yo— Tt ’
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H ’ _.. ’ - v . .
= ¥ { Ly, Xmyg X "'h‘zhh"h (Xc";. ) Xopi I
h=1 | A e

+ l';l" zm,,m,, )mb} ’ : o s (3 15)

Since the true model is (2.3), the estlmator Y.; under. thls modcl will
bc blascd and the bxas will be gwcn by

EE(Y..—T) EE [ zYn z ltv;, YN,, :l

= Z (T Xmia Xewy Xopo— ImXmpp )8} (3.16)
h=1 - : .

If the sample from stratum h is balaniced i.e. if n; s Xnnp =mj Lo Xmio
for all p, then Y;. is an unbiased estimate of ¥, under the general
linear model (2.3) provided Whaa;, has the form (3.12). If this is true for
cach stratum then the bias given by (3.16) is zero and thus,the estimator
Y., becomes unblased under this general linear model. We refer to such

~ a sample as generalized stratified balanced sample, We denote it by S (p).
Under generalized stratified balanced sample i.e. X:.,, = Xiz, = Xm the

- variance given by (3.15) reduces to

var("y,,)acag {(N,.——m.)Th( zlﬁx,,, )} | | ‘-'(3;'17)

where x;.,,, x,sh and X, are sample mean, non-sample mean and popu-
lation mean of X; in the -th stratum.

4, Optxmal Allocation for Stratiﬁed Generalized Balance Sampling

Cons1der a sample survcy cost function as glven
C = C..-f.-hzl om0 L ' (4

where C, is a fixed amount, Cj is a cost for l_mits_ sém__pled in stratuq;;[{,
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The optimum value of ny is obtamcd by mlmmlsmg V( Y.:) subject to
the fixed total cost given by (4.1). It'is found that ns must be proportion-
al to. . :

.79 * .
Nh ([E “ag i(b) ’ ‘_~°-)

q 1) H q ) o
m=n Nn ( 2 fth) b N ( I aq J?m) . 4.2)
=1 =t i=1 - B

when the above optxmal allocation. is used, the varlance of Yu m strati-
fied gTneralized balanced sampling is-obtained as follows:

b =T B Eem)]

o . q i LN q ‘ '
=2 . { 3 Nh( 3 a,i’,;) } n— N X a ](4-3)
. ! . ) n h=l l=l ' i=

. In the following section we shall now compare some strategies under
generahzed balanced sampling: _ - .,

5. Comparison of some Strategies.

When the variance function V& and Vi are linear combination of the
values of the independent auxiliary variables associated with the unit-k
and, if optimum allocation (4.2) is used,  then under the more general
lmear model having p-auxiliary vanables the variances of the estimator
Y with generalized balanced sample ‘and Yu with stratified gencrahzed.-
balanced sample are given by (3.9) and (4 2) respectively. .

The ¢ difference of the variances of these two sttategles [Y S (p)] and

[Fe s (PN is

A A
EE[Y - T — E_E_[Y.. TAT]I .

=32—|:N'(g é J—C)——{ F;Nz-(sax )}]
-n_ i—1 i.i h= l=l‘ in

> sl (o HOE S w S]]

(By cauchy- -schwart inequality)




<

ROBUST ESTIMATION IN STRATIFIED SAMPLING ) 127\-'

- : Thus the drﬁ‘erence is non-negatrve and hence the strategy (P S Nl

B
o .is more eﬂiclent than the strategy [Y S( D) ]

. 6. Robustness and Eﬂiclency of the Estimators

| It is, however, not always possible to find (p>1I) auxiliary varmbles in
~ practice each satisfying the condition (3.8). It is, therefore, important to
investigate the robustness and efficiency of the proposed estimator as -
‘. . well as the estimator suggested by Holt [3] under unbalanced sample. To
' determine the robustness of the estimators a criterion has to be fixed up.
' We consider change in the - amount of M.S.E. with the deviation of the
model as a criterion to determine the robustness of the estimators. If the
' change in the amount of M.S.E. of an estimator "with the deviation of
the model is nominal, the estrmator is said to be robust. -

For simplicity we assume g=1 and y=Xx. Then the varlance of the |

estimator ¥ and Yit glven by (3.5) and (3 15) respectrvely becomes:

Var (F) = EE [Y — T]' = o N (—— — ))x’; 1 N 6.1)
81 . .
| " and A. ’ ‘ . o ]
ey H ‘ O\ EEEay 4 .
| | Var (Yu) = B [Yu— TJ = ,z.l_hz_ { N <N: . 1') R ‘}J ,
- : : =1 _ -

a (62)

Blas of - the estimators Y and Y,c under the model (2.3) for v = X are
given respectively by '

Bias (Y),= EE[Y'— T]
— oy dxa Xy e . o
- >: E b (V= ){——1 =) | | 63

and

Bias (Yu) Ee[¥u—T]

H %5l Ryt f )
.= hZI[JE By (Ni —m) {—’_";.‘— - M H (6.4)
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As the mean square error (M.S.E.) is sum of the variance and square’

of the bias, the M.S.E, of the estimators Y and fu under the model (2.3)
for the variance function v(x) = x is : '

A P x
M.S.E. (Y) = 2 & (N-—n){ S Ty X }
Xs1 .

+ osN(J_V ~1 ) % % | 5
n 231 N | '
5 " = 1 x J 1
MSE. (Y)=| = z B) (N — ma)d s
_ h=t| je= e
H N ° x 1 Ehl . .
T | Ny r .
e h—fl { My ("» ) J'L‘»“h } E . . (6.6)

It is difficult to examine theoretically the efficiency and the robustness A
under deviation of the model of the estimators, For this purpose we
consider the following three working models :

Model 1: EE(Y)=2X,
Model II : EE (Y) = '2 X, — 15X,

Model III EE (V)= 2X1 - 15X+ X

Let the population of interest consisting of N = 30 units be divided
into H = 3 strata. Let Ny = 8, N, = 10, N; = 12 be strata sizes and
n, = 2, m; = 3 and n; = 4 be the sample sizes in the strata N;, N, and’
N, respectively so that total sample is n=9.

Without loss of generality we may take stratum mean and two cases of
unbalanced sample means of the auxiliary variables X,. X, X as given in
the followmg table :
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. TABLE1 . - o
-Strara ' Stratiﬁed sample means of strata Unstratified’sample
means of auxiltasy vuriables * means. & Popul-
uxiliary - L E 2 ‘ 3 - - - ation- means--
variable Ny=8, n1=2 N2=10, n,=3 Ny=12,ny=4 N=3n=9
S.S.M.>S.M. X ;=8 Fe=9 . xgi=10 . Fg1=9.22
X, SSM.<SM. - %, =3 . xsu=6  Xeg=T . . 5n=533
SM. - ay=6 Xo1=8 Xg1=9 ‘ x=1.86
o /
S.SM>SM. % ,.=6 Xyy=5 Fa2=9. EXE
Xy SSM<SM. %, -4 Fp=2  Feg=b | ia=4.22
SSM. X1a=5_ X50=3 gy =T Xa=513
'S.'S.A)M.>S.M. .;;,1,':10 : ;;s,=9 L m=8 | X53=8.78 -
' ’ -_ ! . . \ B
Xy SSM.<SM. ' Zomd ' 35,=3 sy? 2 X5g=2.78
l. S . - . . N A -
S.M., ¥ig=8 . Eag=T  xg=5 . X3=6.46

N.B. : S.M. = Stratum Mean, S.S. M., = Stratum Sample'Mean
+ x1 = Total sample mean of the j-th ai;xilizlry variable
x%,, = Stratum sample mean of j-th auxiliary variable.

‘

Table 2 shows the difference. of the M.S.E. for proposed estlmator

Y., and the estimator ¥ suggested by Holt (1975) under dlﬁ‘erent mode]s "
for both the situations (sample mean greater -than populatlon mean and
sample mean less. than populatlon mean) of stratlﬁed ‘unbalanced sample
respectively. o . ,

* It is obvious from the Table 2 that the proposed estimator Yga is more
efficient than the estimator. Y for stratified- sample mean less than ‘the
lpopulatlon mean under the model I, II, and IIL Also “for stratified
sample mean greater than populatlon mean, it is clear from Table 2 that




JOURNAL OF THE INDIAN SOCGSETY OF AGRICULTURAL STATISTICS

TABLE2 MS.E. (¥,) — MSE. Fp) -

Model-I " Model-II Model-111

x,>F 20938 o2 . —166.16 + 2.0938 o2 . —43.17 + 2.0938 o2

7> T —2.6730 o2 —1501.12 — 2.6730 o2 —6157.65 —2.6730 a2

the estimator I;;, is efficient under the above models for o* < 20 except
the model—1I. C ‘

Table 3 describes the robustness of the estimators Y4 and ¥. Obvious-

-ly the difference in M.S.E. of the estimators f’u and ¥ under model
I and IIT is small. Such little difference will have negligible effect on
the efficiency of the estimators if model I is used instead of model III or
vice-versa and hence these estimators are robust for these models. More- -
over, the differences in M.S.E. of both the estimators under model I and
IT and medel IT and III are considerably high and, therefore, these esti-
mators are not robust in these situations analysed.

Also, it is clear from the Table 3 that in both the situations of unbalanc-
ed sample the absolute value of the differences of the M.S.E.>s of the
estimator ¥.t under different models-is less than the absolute value of

the differences of the M.S.B.’s of the estimator ¥ under different corres-
pondipg models. Hence the efficiency of the estimator f.: is less affect-
ed relative to the estimator ¥ with the deviation of the model and so the
estimator ?u can be more robust than 3’

TABLE 3 —-DIFFERENCE OF M.S.E'S OF THE ESTIMATORS UNDER ,
", DIFFERENT MODELS'
(Forx,> s and %, < 3)

LI1 . LT -1r

Estimators

—1255.8200  —2.8600 1252.9606
—1925.02 —10600.3200  —8675.3000

Yu

—1421.9800  —46.0350 ' 1375.9450

—3426.14 —16757.97 —13331.83
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